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Abstract
The WZNW and string models are considered in the terms of the initial and invariant chiral
currents assuming that the internal and external torsions coincide (anticoincide) and they are the
structure constants of the SU(n), SO(n), SP (n) Lie algebras. These models are the auxiliary
problems in order to construct integrable equations of hydrodynamic type. It was shown that
the WZNW and string models in terms of invariant chiral currents are integrable for the constant
torsion associated with the structure constants of the SU(2), SO(3), SP (2) and SU(3) algebras
only. The equation of motion for the density of the first Casimir operator was obtained in the form
of the inviscid Burgers equation. The solution of this equation is presented through the Lambert
function. Also, a new equation of motion for the initial chiral current was found.
The integrable infinite hydrodynamic chains obtained from the WZNW and string models are
given in terms of invariant chiral currents with the SU(2), SO(3), SP (2) and with SU(∞), SO(∞),
SP (∞) constant torsions. Also, the equations of motion for the density of any Casimir operator
and new infinite dimensional equations of hydrodynamic type for the initial chiral currents through
the symmetric structure constant of SU(∞), SO(∞), SP (∞) algebras are obtained.
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I. INTRODUCTION
The integrability of the two dimensional WZNW and string models is based on the
existence of the infinite number of the local and nonlocal currents and on their charges.
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The n-dimensional WZNW model is described by the chiral left JLA = g
−1∂Ag or the chiral
rightJRA = ∂Ag g
−1 currents for arbitrary space-time dimension A = 1, ...n, where g is an
element of the symmetry group of the model,JA = J
µ
Atµ and tµ are the generators of the
corresponding Lie algebra. These chiral currents are related to left and right multiplication
on the group space. The two dimensional models (A = 0, 1) have the additional chiral
currents
JLµ (t, x) =
J0µ + δµνJ
ν
1√
2
= Uµ (x+ t)
JRµ (t, x) =
J0µ − δµνJν1√
2
= Vµ (x− t)
related to the dynamic on the (t, x) plane. The chiral currents Uµ, Vµ play an important
role for a construction and study of the integrable systems. In the σ-model is not possible
a priori, to restrict the dynamics to only one mode (left or right). The only possibility is
to introduce a Witten term to the Wess-Zumino model. This term introduces a potential
for the torsion tensor over the curved space of the group parameters in the addition to the
metric tensor. Then, under some conditions between the constant torsion and the structure
constant of Lie algebra the possibility to restrict the motion to one mode (left or right) arises.
String models with the antisymmetric background field was considered in the conformal and
light-cone gauges. This antisymmetric field plays the role of potential of the external torsion
in addition to the internal torsion, that is directly related to the metric tensor. Under some
conditions between the both constant torsions, it is possible to introduce the chiral currents
Uµ and Vµ . Such currents form independent Kac-Moody algebras making possible the
restriction of the string dynamics to one mode. If we assume that both torsions are precisely
the structure constants of a Lie algebra, the transverse coordinates of string belong to the
compact space of the corresponding Lie group. Consequently, under these assumptions, the
WZNW and string models with the antisymmetric field coincide. Supersymmetric models
and the integrability condition in supergroup spaces will be not treated here we refer the
reader to references[67],[68],[69] and[70] for a general description of such cases. The paper
is organized as follows. In Section 2 is devoted to the WZNW model: in subsection 2.1
the Lagrangian and equation of motion are considered in the repere formalism obtaining
the antisymmetric field Bab in terms of the repere. The Hamiltonian formalism and the
commutations relations for new variables are focused in Subsections 2.2 and 2.3 : these
variables are the chiral currents under the condition that the external torsion coincides
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(anti-coincides) with the structure constants of the SU(n), SO(n), SP (n) algebras. In
Section 3 we consider integrable WZNWmodel with the constant torsion: in subsections 3.1,
3.2 the models with the SU(2), SO(3), SP (2) and SU(3) constant torsion are considered,
the equation of motion for density of first Casimir operator is obtained as the inviscid
Burgers equation and its solution expressed as the Lambert function. As a bonus a new
nonhomogeneous equation for the initial chiral current is obtained. The integrable infinite
dimensional hydrodynamic chains for WZNWmodel with the constant SU(2), SO(3), SP (2)
and SU(∞), SO(∞), SP (∞) torsions are the subject of subsection 3.3: new equations
of motion of hydrodynamic type for the initial chiral currents in terms of the symmetric
structure constant of the SU(∞), SO(∞), SP (∞) algebras are presented.
An integrable string model as auxiliary problem to integrable hydrodynamic equations
is treated in Section 4. In subsection 4.1 the string model in the conformal and light-
cone gauges is formulated obtaining the Hamiltonian and the conditions on the metric and
antisymmetric tensors. In subsection 4.2 we show that the same Hamiltonian can be obtained
from the flat string model in the field theory approach. The subsection 4.3 we obtain and
analyze the commutation relations of the new variables, which are the chiral currents under
the condition that an internal and external torsions coincide (anti-coincide) obeying the
Kac-Moody algebras. In subsection 4.4 we presented a short review of the string models
of the hydrodynamic type for the case when both torsions are null. In the short Section 5
a string model with constant torsions is considered. The mathematical description of the
equations of motion for the invariant chiral and initial chiral currents of the string model
with the constant torsion in this section coincides with the mathematical description of the
equations of motion for the invariant chiral and the initial chiral currents of the WZNW
model with the constant torsion in section 3. Finally some concluding remarks are given.
II. INTEGRABLE WZNW MODEL
In this section we will show how the Poisson brackets (PBs) and the equations of motion
for the infinite hydrodynamic chains from the WZNW dynamic model are obtained. Also,
new infinite dimensional PBs and new nonlinear equations of motion of the hydrodynamic
type by using the symmetric structure constants of SU(∞), SO(∞), SP (∞) Lie algebras
are presented and analyzed.
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A. Lagrangian and equations of motion
The conformal invariant two-dimensional non-linear sigma model is described by WZNW
model which is nothing more that the sigma model [1]-[8] with the Wess-Zumino term [9]-
[14], [8] on the group manifold. To each point of a dimensional world-sheet one associated
an element g of a group G. We want to construct an action (Lagrangian density) with the
element of volume of the two-dimensional space invariant under of a group transformations
S =
1
4
∫
Tr(ω ∧ dxα)(ω ∧ dxβ)ηαβ
ǫλρdxλ ∧ dxρ +
1
2
∫
Tr(ω(d) ∧ ω(d) ∧ ω(d)). (1)
Here xα = (t, x) are coordinates of the flat two-dimensional space: α = (0, 1) with signature
(−1, 1) and ηαβ is diagonal metric of this space. The form ω(d) = ω(d)µtµ is the differential
Cartan one-form which belongs to a simple Lie algebra
[tµ, tν ] = 2iC
λ
µνtλ, T r(tµtν) = 2gµν , (µ, ν = 1, 2, ..., n) . (2)
In any parametrization Cartan forms ω(d) = (g−1dg)µtµ depend on the group parameters
φa: ω(d) = ω(φ, dφ). The first term of the Lagrangian (1) has form
Tr(ω ∧ dxα)(ω ∧ dxβ)ηαβ
ǫλρdxλ ∧ dxρ =
2
d2x
gµνω
µ
a
∂φa
∂xγ
(dxγ ∧ dxα)ωνb
∂φb
∂xρ
(dxρ ∧ dxβ)ηαβ
= 2gab(φ)
∂φa
∂xα
∂φb
∂xβ
ηαβd2x. (3)
Here we introduce notation
gab(φ) = gµνω
µ
aω
ν
b , dx
γ ∧ dxα = ǫγαd2x. (4)
One can see, that gab(φ) is metric tensor on the curve space of local fields φ
a, (a = 1, 2, ..., n) .
The ωµa (φ) forms a repere basis on the tangent space with the metric gµν in arbitrary point
of the curve space φa. In the paper of [13] the antisymmetric field Bab(φ) was obtained from
the second term of action (1) for the metric tensor gab = δab+(1−|φ|2)−1φaφb, (a, b = 1, 2, 3).
Here we want to rewrite the WZNW model as σ - model of string type with antisymmetric
field Bab(φ) in terms of the repere for the arbitrary metric gab(φ) and for any dimension n :
Tr(ω(d) ∧ ω(d) ∧ ω(d)) = 2iCµνλωµ(d)∧ων(d)∧ωλ(d) = 2iCµνλΩµAΩνBΩλC dxA∧dxB∧dxC =
= 2gµνΩ
µ
A∂CΩ
ν
Bǫ
ABCd3x = 2gµνΩ
µ
a
∂Φa
∂xA
∂Ωνb
∂xC
∂Φb
∂xB
ǫABCd3x =
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= gµν(Ω
µ
a
∂Ωνb
∂xC
− Ωµb
∂Ωνa
∂xC
)
∂Φa
∂xA
∂Φb
∂xB
ǫABCd3x. (5)
In first line of (5) the integrability condition of equation ∂Ag = gΩ
µ
Atµ was used
∂AΩ
µ
B − ∂BΩµA + 2iCµνλΩνAΩλB = 0.
Here xA (A = 0, 1, 2) are coordinates of three dimension space-time, Ωµ(d) is the associated
one form on this space. Let us to separate the second component of A (A = α, 2; α = 0, 1)
in the last line of (5). Then, the second term of the action takes the following form:
∫
gµνǫ
αβ2(Ωµa∂2Ω
ν
b − ∂2ΩµaΩνb )
∂Φa
∂xα
∂Φb
∂xβ
d3x =
∫
d2x
M∫
0
ǫαβ2Bab2
∂Φa
∂xα
∂Φb
∂xβ
dx2 (6)
Here Bab2 = gµν(Ω
µ
a∂2Ω
ν
b − ∂2ΩµaΩνb ) = −Bba2. The integration over the coordinate x2 was
performed in the limits ( 0 , M ) with the following boundary conditions:
Φa(xα, x2) |x2=M = φa(xα), Bab2(xα, x2) |x
2=M = Bab(x
α).
The integral in x2 on the lower limit of integration equals zero, what is easy to see by using
the expansion of the integrand into the Taylor series. Therefore, the second term of action
becomes to:
1
2
∫
ǫαβBab
∂φa
∂xα
∂φb
∂xβ
d2x. (7)
Consequently, the total action is:
S =
1
2
∫
d2x[gab(φ)η
αβ +Bab(φ)ǫ
αβ ]
∂φa
∂xα
∂φb
∂xβ
. (8)
Here gab(φ) = gba(φ) is the metric tensor of a group space G and φ
a(x) are the corresponding
group parameters, a, b = 1, 2, ...n. For compact groups of dimension n, the space-time
signature is (n, 0). The background field Bab(φ) on the group space G is the antisymmetric
tensor field Bab(φ(x)) = −Bba(φ(x)). The coordinates xα = (t, x), α = 0, 1 belong to a
2-dimensional word-sheet with the constant metric tensor ηαβ and signature (−1, 1). The
second order equation of motion has following form:
gab(φ)η
αβ ∂
2φb
∂xα∂xβ
+ Γabcη
αβ ∂φ
b
∂xα
∂φc
∂xβ
+Habcǫ
αβ ∂φ
b
∂xα
∂φc
∂xβ
= 0, (9)
Γabc =
1
2
(
∂gab
∂φc
+
∂gac
∂φb
− ∂gbc
∂φa
), Habc =
∂Bab
∂φc
+
∂Bca
∂φb
+
∂Bbc
∂φa
. (10)
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Here Γabc(φ) are the Christoffel symbols. It is a symmetric function in b, c. The function
Habc(φ) is a total antisymmetric function in a, b, c. If Habc(φ) equals zero the antisymmetric
term in the Lagrangian is a pure topological one. The case Habc 6= 0 describes the WZNW
model of string type. The antisymmetric field Bab in equation (8) in the light-cone variables
x±t√
2
can be considered as the antisymmetric part of a metric. It is the torsion potential [14],
[15]. This form of the equation of the motion gave the possibility to introduce symplectic
and Poisson structures on the loop spaces of smooth manifolds [16], [17]. Let us introduce a
repere eaµ(φ) = ω
a
µ on the compact group space G and its inverse e
µ
a(φ) = ω
µ
a such that the
metric tensor can be written as
gab(φ) = e
µ
a(φ)e
ν
b (φ)δµν , δµν = e
a
µ(φ)e
b
ν(φ)gab(φ). (11)
Here δµν(µ, ν = 1, 2, ...n) is a constant tensor on the tangent space of the compact group
space G at some point φa(x) with the same signature as gab(φ). To introduce the Hamiltonian
we rewrite the Lagrangian density and the equation of motion in terms of the world-sheet
coordinates (t, x)
L =
1
2
gab(φ)[
∂φa
∂t
∂φb
∂t
− ∂φ
a
∂x
∂φb
∂x
] +Bab(φ)
∂φa
∂t
∂φb
∂x
. (12)
The equation of motion finally has the form:
gab(φ)[
∂2φa
∂t∂t
− ∂
2φa
∂x∂x
] + Γabc(φ)[
∂φb
∂t
∂φc
∂t
− ∂φ
b
∂x
∂φc
∂x
] + 2Habc(φ)
∂φb
∂t
∂φc
∂x
= 0. (13)
B. Canonical momentum and Hamiltonian
The canonical momentum is defined as
pa(φ(t, x)) =
δL
δ(∂φ
a
∂t
)
= gab(φ)
∂φb
∂t
+Bab(φ)
∂φb
∂x
. (14)
Consequently, the Hamiltonian has the following form:
H(φ, p) = pa
∂φa
∂t
− L = 1
2
gab(φ)[pa − Bac(φ)∂φ
c
∂x
][pb −Bbd(φ)∂φ
d
∂x
] +
1
2
gab(φ)
∂φa
∂x
∂φb
∂x
. (15)
Let us introduce new dynamical variables
J0µ(φ) = e
a
µ(φ)[pa −Bab(φ)
∂φb
∂x
], J1µ(φ) = e
µ
a(φ)
∂φa
∂x
. (16)
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We see that Hamiltonian (15) is factorized in these variables
H =
1
2
[δµνJ0µ(φ)J0ν(φ) + δµνJ
µ
1 (φ)J
ν
1 (φ)]. (17)
The equations of motion in terms of this variables are first order ones
∂0J
µ
1 (φ)− ∂1Jµ0 (φ) = CµνλJν0 (φ)Jλ1 (φ), ∂0Jµ0 (φ)− ∂1Jµ1 (φ) = −Hµνλ(φ)Jν0 (φ)Jλ1 (φ). (18)
Here Cµνλ is the structure constant tensor which can be obtain from the Maurer-Cartan
equation:
C
µ
νλ =
∂eµa(φ)
∂xb
[ebν(φ)e
a
λ(φ)− eaν(φ)ebλ(φ)] = [
∂eµa(φ)
∂xb
− ∂e
µ
b (φ)
∂xa
]ebν(φ)e
a
λ(φ) (19)
and similarly
H
µ
νλ(φ) = g
µρHabc(φ)e
a
ρ(φ)e
b
ν(φ)e
c
λ(φ).
C. Commutation relations for new variables
The starting point is the canonical Poisson bracket (PB):
{φa(x), pb(y)} = δab δ(x− y). (20)
Let us consider the commutation relations for the functions J0µ(φ(x)), J1µ(φ(x)) =
δµνJ
ν
1 (φ(x)) on the phase space under the PB (20)
{J0µ(φ(x)), J0ν(φ(y))} = CλµνJ0λ(φ(x))δ(x− y) +Hλµν(φ(x))J1λ(φ(x))δ(x− y),
{J0µ(φ(x)), J1ν(φ(y))} = CλµνJ1λ(φ(x))δ(x− y) + gµν
∂
∂x
δ(x− y),
{J1µ(φ(x)), J1ν(φ(y))} = 0. (21)
Let us introduce the chiral variables
Uµ =
J0µ + δµνJ
ν
1√
2
, Vµ =
J0µ − δµνJν1√
2
. (22)
The chiral variables Uµ(φ(x)), Vµ(φ(x)) satisfy to following commutation relations:
{Uµ(φ(x)), Uν(φ(y))} = 1
2
√
2
[(3Cλµν +H
λ
µν(φ(x)))Uλ(φ(x))−
−(Cλµν +Hλµν(φ(x)))Vλ(φ(x))]δ(x− y) + δµν∂xδ(x− y),
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{Vµ(φ(x)), Vν(φ(y))} = 1
2
√
2
[(3Cλµν −Hλµν(φ(x)))Vλ(φ(x))− (23)
−(Cλµν −Hλµν(φ(x)))Uλ(φ(x))]δ(x− y)− δµν∂xδ(x− y),
{Uµ(φ(x)), Vν(φ(y))} = 1
2
√
2
[(Cλµν+H
λ
µν(φ(x)))Uλ(φ(x))+(C
λ
µν−Hλµν(φ(x)))Vλ(φ(x))]δ(x−y).
The commutation relations (21), (23) are not Poisson brackets because the torsion Hλµν(φ) is
not a smooth function. These commutation relations form an algebra, if Hλµν(φ) is a constant
tensor. The interesting cases arise if Hλµν = ±Cλµν . In the case Hλµν = −Cλµν the variables
Uµ(φ) form the closed Kac-Moody algebra [18], [19] for the right chiral currents
{Uµ(φ(x)), Uν(φ(y))}2 = CλµνUλ(φ(x))δ(x− y) + δµν∂xδ(x− y). (24)
Here we note the PB (24) as PB2. The remaining relations are not essential.
{Vµ(φ(x)), Vν(φ(y))} = Cλµν(2Vλ(φ(x))− Uλ(φ(x)))δ(x− y)− δµν∂xδ(x− y),
{Uµ(φ(x)). Vν(φ(y))} = CλµνVλ(φ(x))δ(x− y).
In the case of Hλµν = C
λ
µν variables Vµ(φ) form the closed Kac-Moody algebra for the left
chiral currents
{Vµ(φ(x)), Vν(φ(y))} = CλµνVλ(φ(x))− δµν∂xδ(x− y). (25)
so, the remaining relations now are:
{Uµ(φ(x)), Uν(φ(y))} = Cλµν(2Uλ(φ(x))− Vλ(φ(x))) + δµν∂xδ(x− y),
{Uµ(φ(x)), Vν(φ(y))} = CλµνUλ(φ(x))δ(x− y).
Let me note that Kac-Moody algebra has considered as a hidden symmetry of a two-
dimensional chiral models [20], [21]. In the 1983 one of the authors (VDG) and Volkov,
Tkach [22] considered the algebra of the nonlocal charges of the σ-model in the context of
itsintegrability. We shown that the nonlocal charges form the enveloping algebra over the
Kac-Moody algebra. Let us rewrite equations of motion (18) in terms of variables Uµ(φ(x)),
Vµ(φ(x))
∂−Uµ(φ((t, x)) =
1
2
(Cνλµ +H
νλ
µ )Vν(φ(t, x))Uλ(φ(t, x)),
∂+Vµ(φ(t, x)) =
1
2
(Cνλµ −Hνλµ )Uν(φ(t, x))Vλ(φ(t, x)). (26)
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In the case Cλµν = −Hλµν the equation of motion is
∂−Uµ(φ(t, x)) = 0, ∂+Vµ(ø(t, x)) = C
νλ
µ Uν(φ)Vλ(φ). (27)
If Cλµν = H
λ
µν the equation of motion is
∂+Vµ(φ(t, x)) = 0, ∂−Uµ(φ(t, x)) = C
νλ
µ Vν(φ)Uλ(φ). (28)
We see from the equations (24) and (27) that the chiral currents Uµ form the closed system
in the first case and from the equations (25), (28) we see that the chiral currents Vµ also
form the closed system. Here we introduced the notation:
∂+ =
1√
2
(∂0 + ∂1), ∂− =
1√
2
(∂0 − ∂1).
The chiral currents Uµ(x) are the generators of translations in the curved space of the fields
φa(x)
δcφ
a(x) = {φa(x), cµUµ(x)(φ(x))} = cµeaµ(φ(x))) = ca(φ(x))).
Simultaneously, they are the generators of the group transformations (with the structure
constants Cµνλ ) in the tangent space.
III. INTEGRABLE WZNW MODEL WITH CONSTANT TORSION
One of the ways to construct an integrable dynamical system is as follows. We must to
have a hierarchy of a Hamiltonians and to find a hierarchy of Poisson brackets. This way is
more simple, if the dynamical system have some group structure. Let the torsion Cabc to be
the structure constants of a Lie algebra. In the bi-Hamiltonian approach to the integrable
string models with the constant torsion we have considered the conserved primitive chiral
invariant currents (densities of the dynamical Casimir operators) Cn(U(x)), as the local fields
of the Riemannian manifold. The primitive and non-primitive local charges of the invariant
chiral currents form the hierarchy of the new Hamiltonians. The primitive invariant currents
are the densities of the Casimir operators.The non primitive currents are functions of the
primitive ones. The commutation relations (24) show that the currents Uµ form the closed
algebra. Therefore, we will consider PBs of the right chiral currents Uµ and the Hamiltonians
constructed only from the right currents. The constant torsion will does not contributes to
the equation of motion, but it gives the possibility to introduce the group structure and to
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introduce the symmetric structure constants. This paper was stimulated by the papers [23],
[24], [25], [26] about the local conserved charges in two dimensional models. Evans, Hassan,
MacKay, Mountain [25] constructed the local invariant chiral currents as the polynomials of
the initial chiral currents of the SU(n), SO(n), SP (n) principal chiral models. Their paper
was based on the paper of de Azcarraga, Macfarlane, MacKay, Perez Bueno [27] about the
tensor invariants for the simple Lie algebras.
Let tµ to be the generators of the SU(n), SO(n), SP (n) Lie algebras:
[tµ, tν ] = 2iCµνλtλ. (29)
There are additional relations for generators of Lie algebra in the defining matrix represen-
tation. There is following relation for the symmetric double product of the generators of
SU(n) algebra:
{tµ, tν} = 4
n
δµν + 2dµνλtλ, µ = 1, ..., n
2 − 1. (30)
Here dµνλ is the totally symmetric structure constant tensor. The Killing tensor gµν (2)
equals δµν for the compact Lie algebras. The similar relation for the totally symmetric triple
product of the SO(n) and SP (n) algebras has the form:
t(µtνtλ) = v
ρ
µνλ tρ. (31)
Here vµνλρ is the totally symmetric structure constant tensor. The invariant chiral currents
are the Liouville coordinates and they can be constructed as the product of the invariant
symmetric tensors
d(µ1...µn) = d
k1
(µ1µ2
dk2µ3k1 ...d
kn−3
µn−1µn)
, dµ1µ2 = δµ1µ2
for SU(n) group and the initial chiral currents Uµ(φ(x)). It is so called ”d-family” of the
invariant chiral currents [28], [29], [30]:
Cn(U(φ(x))) = d(µ1...µn)Uµ1Uµ2 ...Uµn , C2(U(φ(x))) = δµνU
µUν . (32)
Any of these currents satisfy the equation of motion ∂−Cn(U(φ(t, x))) = 0. The similar
construction can be used for SO(n), SP (n) groups. The invariant chiral currents can be
constructed as product of the invariant symmetric constant tensor
v(µ1...µ2n) = v
ν1
(µ1µ2µ3
vν1ν2µ4µ5 ...v
ν2n−3
µ2n−2µ2n−1µ2n)
, vµ1µ2 = δµ1µ2 .
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and the initial chiral currents Uµ as
C2n(U(φ(x))) = vµ1...µ2nU
µ1 ...Uµ2n , C2(U(φ(x))) = δµ1µ2U
µ1Uµ2 . (33)
The invariant chiral currents for SU(2), SO(3), SP (2) have form:
C2n = (C2)
n (34)
Another family of the invariant symmetric currents Jn based on the invariant symmetric
chiral currents of simple Lie groups, is realized as the symmetric trace of the n product
chiral currents U(x) = tµU
µ, µ = 1, ..., n2 − 1
Jn(U(φ(x))) = SymTr(U...U). (35)
These invariant currents are polynomials of the product of the basic chiral currents Ck, k =
2, 3, ..., k.
J2 = 2C2, J3 = 2C3, J4 = 2C4 +
4
n
C22 , J5 = 2C5 +
8
n
C2C3,
J6 = 2C6 +
4
n
C23 +
8
n
C2C4 +
8
n2
C32 ,
J7 = 2C7 +
8
n
C3C4 +
8
n
C2C5 +
24
n2
C22C3,
J8 = 2C8 +
4
n
C24 +
8
n
C3C5 +
8
n
C2C6 +
24
n2
C2C
2
3 +
24
n2
C22C4 +
16
n3
C42 .
Let us introduce the PB of hydrodynamic type for the chiral currents in the Liouvlle form
[31]
{Cm(φ)(x), Cn(φ(y))} = −Wmn(φ(y)) ∂
∂y
δ(y − x) +Wnm(φ(x)) ∂
∂x
δ(x− y). (36)
The asymmetric Hamiltonian function Wmn(U(φ(x))) for the finite dimensional SU(n),
SO(n), SP (n) groups has the following form
Wmn(C(U(x))) =
n− 1
m+ n− 2
∑
k
akCm+n−2,k(U(x)),
∑
k=0
ak = mn. (37)
This PB can be rewritten as the PB of the hydrodynamic type
{Cm(U(x)), Cn(U(y))} = − n− 1
m+ n− 2
∑
k
ak
dCm+n−2,k(U((x)))
dx
δ(x− y)−
−
∑
k
akCm+n−2,k(U(x))
∂
∂x
δ(x− y),
∑
k=0
ak = mn. (38)
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Here we used the following equalities [22], [31] to perform the PB of the hydrodynamic type:
B(y)A(x)
∂
∂x
δ(x− y) = B(y)A(y) ∂
∂x
δ(x− y)−B(y)∂A(y)
∂y
δ(x− y),
∂A(y)
∂y
δ(x− y) + A(x) ∂
∂x
δ(x− y) = A(y) ∂
∂x
δ(x− y), ∂
∂x
δ(x− y) = − ∂
∂y
δ(y − x).
Here the invariant total symmetric currents Cn,k, k = 1, 2... are new currents which are
polynomials of the product of the basic invariant currents Cn1Cn2...Cnn , n1 + ... + nn = n.
They can be obtained by the calculation of the total symmetric invariant currents Jn using
the different replacements of the double product (30) for the SU(n) group and of the triple
product (31) for the SO(n), SP (n) groups in the expressions for the invariant currents Jn.
J6 = Tr[t(tt)(tt)t] = 2C6 +
4
n
C23 +
8
n
C2C4 +
8
n2
C32 ,
J6 = Tr[(tt)(tt)(tt)] = 2C6,1 +
12
n
C2C4 +
8
n2
C32 ,
J7 = Tr[t(tt)t(tt)t] = 2C7 +
8
n
C3C4 +
8
n2
C2C5 +
24
n2
C22C3, (39)
J7 = Tr[(tt)(tt)(tt)t] = 2C7,1 +
4
n
C3C4 +
12
n2
C2C5 +
24
n2
C22C3,
J8 = Tr[t(tt)tt(tt)t] = 2C8 +
4
n
C24 +
8
n
C3C5 +
8
n
C2C6 +
24
n2
C2C
2
3 +
24
n2
C22C4 +
16
n3
C42 ,
J8 = Tr[(tt)(tt)t(tt)t] = 2C8,1 +
4
n
C24 +
4
n
C3C5 +
24
n2
C2C
2
3 +
12
n
C2C6 +
24
n2
C22C4 +
16
n3
C42 ,
J8 = Tr[(tt)(tt)(tt)(tt)] = 2C8,2 +
4
n
C24 +
16
n
C2C6,1 +
32
n2
C22C4 +
16
n3
C42 ,
J8 = Tr[t(tt)(tt)(tt)t] = 2C8,3 +
12
n
C2C6 +
8
n
C3C5 +
24
n2
C22C4 +
24
n2
C2C
2
3 +
16
n
C42 .
The new chiral currents Cn,k(U) have the form:
C6,1 = d
k
µνd
l
λρd
n
σϕd
klnUµUνUλUρUσUϕ,
C7,1 = d
k
µνd
l
λρd
n
σϕd
nm
τ d
klmUµUνUλUρUσUϕU τ ,
C8,1 = [d
k
µνd
kl
λ d
ln
ρ ][d
m
σϕ][d
p
τθ]d
nmp(U8)µνλρσϕτθ,
C8,2 = [d
k
µν ][d
l
λρ][d
n
σϕ][d
m
τθ]d
klpdnmp(U8)µνλρσϕτθ.
C8,3 = [d
k
µνd
kl
λ ][d
n
ρσd
nm
ϕ ][d
p
τθ]d
lmp(U8)µνλρσϕτθ.
The following figures Fig1, Fig2 show the graphic images of the basic and the ”monster”
invariant currents. Here are only l = n − 1 primitive invariant tensors for SU(n) algebra,
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l = n−1
2
for SO(n) algebra and l = n
2
for SP (n) algebra. Higher invariant currents Cn for
n ≥ l + 1 are non-primitive currents and they are polynomials of the primitive ones. By
using the formula (35) we can obtain the expression for these polynomials from the condition
Jk = 0 for k > l for the generating function
det(1− λtµUµ) = expTr(ln(1− λU)) = exp (−
∞∑
k=2
λk
k
Jk).
The charges corresponding to the non-primitive chiral currents Cn are not Casimir operators.
Consequently the WZNW model is not the integrable system for the group symmetry of the
finite rank l ≥ 1.
A. Integrable WZNW models with SU(2), SO(3), SP (2) constant torsions
There is only one primitive invariant tensor of SU(2), SO(3), SP (2) algebras. The
invariant non primitive tensors for n ≥ 2 are functions of the primitive tensor. Let us
introduce the local chiral currents based on the invariant symmetric polynomials on the
SU(2), SO(3), SP (2) Lie groups:
C2(U) = δµνU
µUν , C2n(U) = (δµνU
µUν)n,
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where n = 1, 2, ... and µ, ν = 1, 2, 3. The PB of Liouville coordinate C2(U(x)) has the
following forms:
{C2(U(x)), C2(U(y))} = −2C2(U(y))∂yδ(y − x) + 2C2(U(x))∂xδ(x− y),
{C2(U(x)), C2(U(y))} = 4C2(U(x))∂xδ(x− y) + 2 ∂
∂x
C2(U(x))δ(x − y).
We will consider the chiral invariant C2(U(x)) as a local field on the Riemmann space of the
chiral currents. As the Hamiltonians we choose the following functions
H2(n+1) =
1
2(n + 1)
2pi∫
0
Cn+12 (U(y))dy, n = 0, 1, ...∞. (40)
The equation of motion for the density of the first Casimir operator is as follows
∂C2
∂t2(n+1)
− (2n+ 1)(C2)ndC2
dx
= 0. (41)
The equation for the currents Cn2 = C2n is following:
∂Cn2
∂τn
+ (C2)
ndC
n
2
dx
= 0, τn = −(2n + 1)t2(n+1). (42)
This equation is the inviscid Burgers equation [64]. We will find the solution in the form:
Cn2 (τn, x) = exp (a+ i(x− τnCn2 (τn, x))). (43)
115
To obtain the solution of equation (42) we rewrite this equation of motion as follows:
Yn = Zne
Zn, Yn = iτne
(a+ix), Zn = iτnC
n
2 . (44)
The inverse transformation Zn = Zn(Yn) is defined by the periodical Lambert function [65]:
Cn2 (τn, x) =
1
iτn
W (iτne
a+ix). (45)
The solution for the first Casimir operator is consequently
C2(t2(n+1), x) = [
i
(2n+ 1)t2(n+1)
W (−i(2n+ 1)t2(n+1)ea+ix)] 1n . (46)
The equation of motion for the initial chiral current Uµ defined by the PB (24) and the
Hamiltonian (40)is
∂Uµ
∂t2(n+1)
=
∂
∂x
[Uµ(UU)
n] = Cn2
∂
∂x
Uµ + Uµ
∂
∂x
Cn2 , = nUµC
n−1
2
∂
∂x
C2 + C
n
2
∂
∂x
Uµ, µ = 1, 2, 3.
(47)
It is easy to test, that equation of motion (47) is in accordance with equation (41) by
multiplication with the chiral current Uµ on the both sides of equation (47). It is possible
to rewrite this equation as the linear equation by using the solution (45) which diagonalize
the equation (46)
∂Uµ
∂t2(n+1)
=
∂Uµ
∂x
fn + Uµ
∂
∂x
fn
or as the linear nonhomogeneous equation
∂zµ
∂t2(n+1)
= f(tn, x)
∂zµ
∂x
+
∂
∂x
f(tn, x), z
µ = lnUµ, f = Cn2 ,
∂zµ
∂x
=
1
Uµ
∂Uµ
∂x
, (not sum).
(48)
B. Equation of motion for WZNW model with SU(3) torsion
The invariant chiral currents C2(U), C3(U) form a closed system. The non-primitive
currents have the following form
C2n = C
n
2 , C2n+1 = C
n−1
2 C3.
C2 = δµνU
µUν , C3 = dµνλU
µUνUλ, µνλ = 1, 2...8.
The algebra of corresponding charges is a not abelian algebra, but the charges C2n form
the corresponding invariant subalgebra. The currents C2 and C3 are the local coordinates
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on the Riemmann space and the invariant currents C2n are densities of the Hamiltonians.
Equation of motion for C3 is following:
∂C3(x)
∂t2(n+1)
= −2Cn2
∂
∂x
C3 − 6C3 ∂
∂x
Cn2 .. (49)
In terms of variables g = lnC3, f = C
n
2 it is linear equation
∂g
∂t2(n+1)
+ 2f
∂
∂x
g + 6
∂
∂x
f = 0. (50)
C. Infinite dimensional hydrodynamic chains
The first example of the infinite dimensional hydrodynamic chains is based on the in-
variant chiral currents C2n = (C2)
n, n = 1, 2, ...,∞ of the WZNW model with the SU(2),
SO(3), SP (2) constant torsions. The PB of the different degrees of the invariant chiral
currents Cn2 (x), C
m
2 (x) has form:
{Cm2 (x), Cn2 (y)} =
2nm(2m− 1)
n+m− 1 C
n+m−1
2 (x)
∂δ(x− y)
∂x
− 2nm(2n− 1)
n+m− 1 C
n+m−1
2 (y)
∂δ(y − x)
∂y
.
(51)
The equation of motion for invariant current Cm2 with Hamiltonian
H2n =
1
2n
2pi∫
0
C2n(y)dy
has form:
∂Cm2
∂t2n
=
m(2n− 1)
m+ n− 1
∂Cm+n−12
∂x
.
After the redefinition Cn2 = C2n = Cp we can obtain the standard form of the hydrodynamic
chain
{Cp(x), Cq(y)} = pq(p− 1)
p+ q − 2Cp+q−2(x)
∂δ(x− y)
∂x
− pq(q − 1)
p+ q − 2Cp+q−2(y)
∂δ(y − x)
∂y
. (52)
The second example of the infinite dimensional chain is based on the invariant chiral
currents of the WZNW model with the SU(∞), SO(∞), SP (∞) constant torsions. If the
dimension of the matrix representation n is not ended (n→∞), all the chiral currents are
the primitive currents. This is easy to see from the expression for the new chiral currents
Cm,k . For example:
C6,1 = C6 +
2
n
C23 −
2
n
C2C4, C7,1 = C7 +
4
n
C3C4 − 4
n
C2C5,
117
C8,1 = C8 +
2
n
C3C5 − 2
n
C2C6, C8,3 = C8 +
2
n
C24 −
2
n
C2C6,
C8,2 = C8 +
4
n
C3C5 − 4
n
C2C6 − 4
n2
C2C
2
3 +
4
n2
C22C4.
The PB in Liouville coordinates Cm(x), m = 2, 3, ...,∞ has the form:
{Cm(x), Cn(y)} = −Wmn(C(y)) ∂
∂y
δ(y − x) +Wnm(C(x)) ∂
∂x
δ(x− y), (53)
Wmn(C(x)) =
mn(n− 1)
m+ n− 2Cm+n−2(x). (54)
This PB satisfies the skew-symmetric condition {Cm(x), Cn(y)} = −{Cn(y), Cm(x)}. The
Jacobi identity imposes conditions on the Hamiltonian function Wmn(C(x)) [31], [32], [56]
(Wkp +Wpk)
∂Wmn
∂Ck
= (Wkm +Wmk)
∂Wpn
∂Ck
,
dWkp
dx
∂Wnm
∂Ck
=
dWkm
dx
∂Wnp
∂Ck
. (55)
The Jacobi identity is satisfied by the metric tensor Wmn(C(x)) (54) . The PB (53) forms
the algebra and can be rewritten as the PB of the hydrodynamic type.
{Cm(x), Cn(y)} = mn(n− 1)
m+ n− 2
dCm+n−2(x)
dx
δ(x− y) +mnCm+n−2(x) ∂
∂x
δ(x− y). (56)
The algebra of charges
2pi∫
0
Cn(x)dx is the abelian algebra. Let us choose the Casimir operators
Cn as the Hamiltonians
Hn =
1
n
2pi∫
0
Cn(x)dx, n = 2, 3... . (57)
The equations of motion for the Casimir operator densities are the following
∂Cm(x)
∂tn
=
1
n
2pi∫
0
[−Wmn(C(y)) ∂
∂y
δ(y−x)+WnmC((x)) ∂
∂x
δ(x−y)]dy = m(n− 1)
m+ n− 2
∂
∂x
Cm+n−2.
(58)
Thus, the invariant chiral currents with the SU(2), SO(3), SP (2) constant torsion and the
invariant chiral currents with the SU(∞), SO(∞), SP (∞) constant torsion form the same
infinite hydrodynamic chain (52), (53), (58).
These PBs (53), (57) are particular case of the M-brackets of Dorfman [38] and Ku-
pershmidt [39], [40] for M = 2 and describe the hydrodynamic chains (see [36], [37] and
references therein). We can construct the new nonlinear equations of motion for the initial
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chiral currents Uµ using the flat PB2 (24) and Hamiltonians Hn (58), where Cn(x) defined
by the equation (32) for SU(∞) group:
∂Uµ(x)
∂tn
=
1
n
2pi∫
0
dy{Uµ(x), Cn(U(y))}2,
∂Uµ(x)
∂tn
=
∂
∂x
[dk1ν1ν2d
k2
k1ν3
...dkn−3νn−1µU
ν1(x)...Uνn−1(x)]. (59)
As an example we consider n = 3:
∂Uµ
∂t3
=
∂
∂x
(dµνλU
νUλ), µ = 1, 2, ...∞. (60)
It is easy to see that this dynamical system is bi-Hamiltonian:
∂Uµ(x)
∂t3
=
1
3
2pi∫
0
dy{Uµ(x), C3(U(y))}2 = 1
2
2pi∫
0
dy{Uµ(x), C2(U(y))}3. (61)
Here PB3 has form:
{Uµ(x), Uν(y)}3 = 2dµνλUλ(x) ∂
∂x
δ(x− y). (62)
Let us remind that dµνλ are the symmetric structure constant of the SU(∞) algebra in a
matrix representation. This PB satisfies the Jacobi identity for (n→∞)
dσµνdσλρ + dσµλdσνρ + dσµρdσνλ =
1
n
(δµνδλρ + δµλδνρ + δνρδνλ).
Similarly, we can obtain the equation of motion for the chiral currents of SO(∞), SP (∞):
∂Uµ(x)
∂tn
=
∂
∂x
[vk1ν1ν2ν3...v
k2n−3
ν2n−2ν2n−1µ
Uν1 ...Uν2n−1 ]. (63)
As an example we consider n = 4:
∂Uµ
∂t4
=
∂
∂x
(vµνλρU
νUλUρ), µ = 1, 2, ...∞. (64)
Also, we can obtain a solution for the metric function Wmn(C(x)) which is analog to the
Dubrovin-Novikov metric tensor Wµν =
∂2F
∂Uµ∂Uν
:
Cm(U(x)) = mF ((U(x)), F (x, tn) = g(tn +
x
n− 1)
and g(tn +
x
n−1) is an arbitrary function of its argument.
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IV. INTEGRABLE STRING MODEL
In this section we will show that the description of the dynamics of the transverse coor-
dinates of the string in the conformal and light-cone gauges coincides with the description
of the dynamics of compact coordinates of WZNW model (see [66]). Consequently,we will
show here that the string model can be considered as an auxiliary problem in order to obtain
integrable equations of hydrodynamic type.
A. Lagrangian in the conformal and light-cone gauges
The conformal invariant closed string model in the background gravity and antisymmetric
fields is described by the following action [41] (see also [42] and references therein)
S =
1
2
2pi∫
0
d2x
√
g[gαβgAB(X)
∂XA
∂xα
∂XB
∂xβ
+
ǫαβ√
g
BAB(X)
∂XA
∂xα
∂XB
∂xβ
]. (65)
The action S[gαβ, X
A] is a functional of the worldsheet metric gαβ(x) and of the n + 2
spacetime coordinate fields XA(x) = XA(x+ 2π). Here xα (α = 0, 1) are world-sheet coor-
dinates, XA(x) (A = 0, a, n+ 1) are target coordinates and a = 1, 2, ..., n. The signature of
worldsheet space is (−,+) and signature of target space is (−,+, ...,+). Here g is the deter-
minant world-sheet metric tensor gαβ. The target space-time fields consist of the symmetric
metric tensor gAB(X) = gBA(X) and antisymmetric tensor field BAB(X) = −BBA(X).The
antisymmetric tensor ǫαβ is the Levi-Civita tensor such that ǫ01 = 1. Notice that target
space-time indices are Roman, worldsheet indices are Greek and Einstein convention is as-
summed. The world-sheet metric gαβ is an auxiliary field in the Lagrangian (65). The
variation of Lagrangian (65) with respect to the field gαβ yields the classical field equation:
gAB(X)
∂XA
∂xα
∂XB
∂xβ
− gαβgγδ ∂X
A
∂xγ
∂XB
∂xδ
= 0. (66)
The Lagrangian (65) is invariant under re-parametrization of the world-sheet coordinates
xα → xα + ǫα(t, x).
These transformations permit to consider the conformal gauge for the world-sheet metric
gαβ = eθ(t,x)ηαβ. (67)
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and the light-cone gauge for the light-cone variable X+: X+ = p+t. There ηαβ is the diagonal
metric of the flat world-sheet ηαβ = {η00, η11} = (−1, 1) and
X± =
Xn+1 ±X0√
2
. (68)
The Lagrangian (65) does not depend of the conformal field θ(t, x). The equation (66) leads
to the following relations:
gAB(X)(∂tX
A∂tX
B + ∂xX
A∂xX
B) = 0, gAB(X)∂tX
A∂xX
B = 0. (69)
These relations describe the geodesic motion of the probe body on the two dimensional
surface, which is embedded in the n+ 2 curve target space. To introduce the Hamiltonian,
let us rewrite the Lagrangian density (65) in terms of the world-sheet coordinates (t,x) in
the conformal gauge (67). It has form:
L =
1
2
gAB(X)[
∂XA
∂t
∂XB
∂t
− ∂X
A
∂x
∂XB
∂x
] +BAB(X)
∂XA
∂t
∂XB
∂x
. (70)
The canonical momentum is the following
pA(t, x) =
δL
δ(∂X
A
∂t
)
= gAB(X)
∂XB
∂t
+BAB(X)
∂XB
∂x
. (71)
By the definition, the Hamiltonian has the following form:
H(X, p) = pA
∂XA
∂t
−L = 1
2
gAB[pA−BAC(X)∂X
C
∂x
][pB −BBD(X)∂X
D
∂x
] +
1
2
gAB
∂XA
∂x
∂XB
∂x
.
(72)
Let us consider the constraints (69), the equation for canonical momentum (71) and the
definition of the inverse metric tensor gAB g
BC = δCA in the light-cone gauge X
+ = p+t
to delete nonphysical components of the metric tensor gAB. From the definition of the
components of the momentum p− = −p+, we obtain the following constraints:
g−− = g−a = B−− = B−a = g
++ = g+a = B++ = B+a = 0, g−+ = −1. (73)
The momentum component p+ leads to constraints:
p+ = −p− = −X−, B+− = B−a = 0.. (74)
The component pa has form
pa = gab(X)∂tXa +Bab(X)∂xX
b. (75)
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From the inverse metric we obtain the following constraints:
g+b = −g−agab = 0, g++ = g−− = 0, g+− = g−+ = −1. (76)
From the relations g+Ag
Ab = 0 and g+Ag
A− = 0 we obtained constraints g+a = g++ = 0.
These constraints were notobtained in the paper [42]. From the constraints gAB∂X
A
t ∂xX
B =
0 we obtain the relation
∂xX
− =
1
p+
gab(X)∂tX
a∂xX
b. (77)
From the constraints
gAB(∂tX
A∂tX
B + ∂xX
A∂xX
B) = 0
the equation
∂tX
− =
1
2p+
gab(X)(∂tX
a∂tX
b + ∂xX
a∂xX
b) (78)
is obtained. By using the equations (73), (74) and (76) we can write the Hamiltonian in the
light-cone gauge:
H = p−p+ =
1
2
[gab(pa − Bac∂xXc)(pb − Bbd∂xXd) + gab∂xXa∂xXb]. (79)
This Hamiltonian describe the transverse coordinates of string and it differ from the Hamil-
tonian in paper [42] due the constraints g−− = g++ = 0, g−a = −ga+ = 0,B−a = −B+a = 0.
The motion of the longitudinal coordinate X−(x, t) is described consequently by the equa-
tions (77), (78).
B. String Lagrangian of field theory type
Historically, a classical field theory consider models of free fields without interaction,
study the group symmetry of them and representations of this group of symmetry. Further,
a theory of interactions is constructed for a chosen representation with conservation of the
corresponding group symmetry. We apply this method for constructing a string model with
transverse coordinates. The action of the free string has form:
S =
1
2
2pi∫
0
d2x
√
ggαβgAB∂αX
A∂βX
B. (80)
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The difference this action from action (65) consist of the lack of the antisymmetric field BAB
and by the constant metric tensor gAB. In the conformal gauge (67), the Lagrangian has
form:
L =
1
2
gAB[
∂XA
∂t
∂XB
∂t
− ∂X
A
∂x
∂XB
∂x
] (81)
The canonical momentum is the following
pA(X(t, x)) =
δL
δ(∂X
A
∂t
)
= gAB
∂XB
∂t
. (82)
By the definition, the Hamiltonian has following form:
H(X, p) = pa
∂XA
∂t
− L = 1
2
gABpApB +
1
2
gAB
∂XA
∂x
∂XB
∂x
(83)
The variation of the Lagrangian (80) with respect to the field gαβ yields two constraints:
gAB(∂tX
A∂tX
B + ∂xX
A∂xX
B) = 0, gAB∂tX
A∂xX
B = 0. (84)
Let us consider the constraints (84) in the light-cone gauge X+ = p+t. Let us remember,
that the target space fields XA (A = 0, a, n+ 1) in the light-cone coordinates (A = +,−, a)
have form (68)
XA = (X+, X−, Xa) = (
Xn+1 +X0√
2
,
Xn+1 −X0√
2
, Xa).
From the definition of the canonical momentum (82) and of the inverse metric tensor we
obtain constraints for the constant metric
g−− = g++ = ga+ = ga− = g
++ = g−−ga+ = ga− = 0, g+− = g
−+ = −1.
The constraints (84) leads to the following equations:
∂xX
− =
1
p+
gab∂tX
a∂xX
b. (85)
∂tX
− =
1
2p+
gab(∂tX
a∂tX
b + ∂xX
a∂xX
b). (86)
By using the definition of the momentum (82), we can write the Hamiltonian in the light-cone
gauge
H = p−p+ =
1
2
[gabpapb + gab∂xX
a∂xX
b]. (87)
Thus, we obtained the Hamiltonian which describe the transverse coordinates of the flat
target space. We want to obtain the Hamiltonian which describe the interaction of the
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transverse coordinates. To do this, we will consider a curved target space by the replace-
ment gab → gab(X). An interaction with the gauge field Bab(X)∂xXb can be introduced to
the Hamiltonian by minimal replacement pa → pa − Bab∂xXb. Thus, both methods leads
to the same Hamiltonian for the transverse target space coordinates. The moving of the
longitudinal coordinate is describe by the equations (77), (78).
C. Repere formalism and commutation relations
Let us return to the subsection (4.1). In the repere formalism
gab(X) = e
µ
a(X)e
ν
b (X)gµν ,
where gµν is constant tensor of the tangent space tothe curved space of the string coordinates
Xa. The repere eµa satisfies to the condition
gµν = eµa(X)e
ν
b (X)g
ab(X).
To factorize the Hamiltonian (72) we introduce new variables:
J0µ(X) = e
a
µ(X)[pa − Bab(X)X
′b], J1µ(X) = gµνe
ν
a∂xX
a. (88)
We see, that the Hamiltonian (72) is factorized in this variables:
H =
1
2
[gµνJ0µ(X)J0ν(X) + gµνJ
µ
1 (X)J
ν
1 (X)] (89)
The canonical PB is the following:
{Xa(x), pb(y)} = δab δ(x− y).
The commutation relations of new variables J0µ(X(x)), J1µ(X(x)) under PB have the fol-
lowing form:
{J0µ(X(x)), J0ν(X(y))} = Cλµν(X(x))J0λ(x)δ(x− y) +Hλµν(X(x))J1λ(X(x))δ(x− y),
{J0µ(X(x)), J1ν(X(y))} = Cλµν(X(x))J1λ(X(x))δ(x− y) + gµν
∂
∂x
δ(x− y),
{J1µ(X(x)), J1ν(X(y))} = 0. (90)
Here the tensor Cλµν(X) is the torsion related to the metric tensor:
C
µ
νλ(X) =
∂eµa
∂xb
(ebνe
a
λ − eaνebλ) = (
∂eµa
∂xb
− ∂e
µ
b
∂xa
)ebνe
a
λ (91)
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The tensor Hλµν(X) is the torsion related to the background field Bab:
H
µ
νλ(X) = G
µρHabc(X)e
a
ρ(X)e
b
ν(X)e
c
λ(X),
Habc(X) =
∂Bab
∂Xc
+
∂Bca
∂Xb
+
∂Bbc
∂Xa
. (92)
The difference between the commutation relations (88) of the string model with the com-
mutation relations of the WZNW model (21) is due the different tensors Cλµν . The constant
torsion Cλµν of the WZNW model is the structure constant of the Lie algebra by simple
definition. The torsion Cλµν(X(x)) is the function of the Riemmann space coordinates. In
some applications this torsion may be zero tensor or the constant tensor. Let us introduce
the chiral variables:
Uµ(X) =
J0µ(X) + gµνJ
ν
1 (X)√
2
, Vµ(X) =
J0µ(X)− gµνJν1 (X)√
2
. (93)
The chiral variables Uµ(X(x)), Vµ(X(x)) satisfy the following commutation relations:
{Uµ(X(x)), Uν(X(y))} = 1
2
√
2
[(3Cλµν(X(x)) +H
λ
µν(X(x)))Uλ(X(x))−
−(Cλµν(X(x)) +Hλµν(X(x)))Vλ(X(x))]δ(x− y) + gµν∂xδ(x− y),
{Vµ(X(x)), Vν(X(y))} = 1
2
√
2
[(3Cλµν(X(x))−Hλµν(X(x)))Vλ(X(x))− (94)
−(Cλµν(X(x))−Hλµν(X(x)))Uλ(X(x))]δ(x− y)− gµν∂xδ(x− y),
{Uµ(X(x)), Vν(X(y))} = 1
2
√
2
[(Cλµν(X(x)) +H
λ
µν(X(x)))Uλ(X(x))+
+(Cλµν(X(x))−Hλµν(X(x)))Vλ(X(x))]δ(x− y).
This commutation relations form an algebra, if tensors Cµνλ (X), H
λ
µν(X) are the constant
tensors. The interesting cases, again arise if Hλµν = ±Cλµν and tensor Cµνλ is the structure
tensor of the compact Lie algebra. In the case Hλµν = −Cλµν variables Uµ form the closed
Kac-Moody algebra for the right chiral currents
{Uµ(X(x)), Uν(X(y))} = CλµνUλ(X(x))δ(x− y) + δµν∂xδ(x− y). (95)
In the case Hλµν = C
λ
µν variables Vµ form the closed Kac-Moody algebra for the left chiral
currents
{Vµ(X(x)), Vν(X(y))} = CλµνVλ(X(x))− δµν∂xδ(x− y). (96)
The more complicated case arise if both torsion are null tensors.
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D. Integrable string model with null torsion C
µν
λ = 0
To construct an integrable dynamical system we must to have a hierarchy of PBs and
we must to find a hierarchy of Hamiltonians through the bi-Hamiltonity condition. The
basic idea of the hydrodynamic approach given by Dubrovin, Novikov [31], [32] to integrable
systems is a construction of compatible local PB [43] of an abelian currents from a pencil
local PB on the flat space of the currents and from the local PB on the curved space of
the currents. This approach was generalized by Ferapontov [46] and Mokhov, Ferapontov
[47] on the non-local PBs of hydrodynamic type. The hydrodynamic type systems was
considered by Tsarev [49], Maltsev [50], Ferapontov [51], Mokhov [48], [52] [53], Pavlov [54],
[55], Maltsev, Novikov [50]. The Jacobi identity for compatible PB leads to the WDVV
[44], [45] associativity equation for the metric tensor of a curved space. Dubrovin [57] shown
that the WDVV equation is related to the Frobenius algebra of a chiral currents. This
equation is precisely the associativity condition of the Frobenius algebra. Dubrovin and
Zhang [58] gave many examples of the solutions of the WDVV equation. We have applied
the hydrodynamic approach of the Dubrovin, Novikov and the Dubrovin solutions of the
WDVV equation to the description of the integrable string model in the background gravity
field with zero torsion [33], [34], [35]. Now let us to consider string model with constant
torsion.
V. INTEGRABLE STRING MODEL WITH THE CONSTANT TORSION
We have considered the string model with constant torsion without antisymmetric field
Bab(X) in the light-cone gauge in the target space [35], [59], [60], [61]. This model coincides
to the principal chiral model on the compact simple Lie group. We can not separate the
dynamics on the right-mode only and the left mode for the σ- model because of the initial
chiral currents are not conserved
∂−Uµ = C
νλ
µ UνVλ 6= 0, ∂+Vµ = Cνλµ VνUλ 6= 0.
The correspondent charges are not Casimirs. These papers were motivated by the papers
[23], [24], [25]. Evans, Hassan, MacKay, Mountain [25] where they constructed the local
invariant chiral currents Cn(U) (31), (32), as the scalar symmetric polynomials of the initial
chiral currents Uµ(X(x)) of the SU(n), SO(n), SP (n) principal chiral models. The constant
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torsion Cµνλ in the commutation relations for the initial chiral currents Uµ(x) (23) does not
contribute to the equation of motion for the invariant currents Cn(U(X)) through the total
symmetrical functions Cn(U). The index n of the invariant current Cn is the power of the
product of the initial chiral currents Uµ. However, the introduction of the antisymmetric
field Bab(X) to Lagrangian permits to obtain the equation of motion for the initial chiral
current Uµ(X(t, x)).
Now, we can make use of the results section 3 to describe the string model of the WZNW
type with the constant torsion (see also papers [62], [63]. The mathematical description of
the equations of motion of the invariant chiral and initial currents of the string model with
the constant torsions in this section coincides with the case of the WZNW model with the
constant torsion which was considered in Section 3.
A. Integrable string models with SU(2), SO(3), SP (2) constant torsions and hy-
drodynamic chains
The PB of Liouville coordinate C2(U(x)) has the following forms:
{C2(U(x)), C2(U(y))} = −2C2(U(y))∂yδ(y − x) + 2C2(U(x))∂xδ(x− y).
We will consider invariant chiral C2(U(x)) as a local field on the Riemmann space of the
chiral currents. As the Hamiltonians we choose the following functions
H2(n+1) =
1
2(n + 1)
2pi∫
0
Cn+12 (U(y))dy, n = 0, 1, ...∞.
The equation of motion for the density of the first Casimir operator is as follows
∂C2
∂t2(n+1)
− (2n+ 1)(C2)ndC2
dx
= 0.
The equation for the currents Cn2 = C2n is following:
∂Cn2
∂τn
+ (C2)
ndC
n
2
dx
= 0, τn = −(2n + 1)t2(n+1).
This equation is inviscid Burgers equation [64]. We will find the solution in the form:
Cn2 (τn, x) = exp (a+ i(x− τnCn2 (τn, x))).
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following:
C2(t2(n+1), x) = [
i
(2n+ 1)t2(n+1)
W (−i(2n+ 1)t2(n+1)ea+ix)] 1n .
Here function W (t2(n+1), x) is periodical Lambert function [65]. The equation of motion for
the initial chiral current Uµ defined by the PB (24) and the Hamiltonian (40)
∂Uµ
∂t2(n+1)
=
∂
∂x
[Uµ(UU)
n] = Cn2
∂
∂x
Uµ + Uµ
∂
∂x
Cn2 , µ = 1, 2, 3.
It is possible to rewrite this equation as the linear equation by using the solution (45) which
diagonalize the equation (46)
∂Uµ
∂t2(n+1)
=
∂Uµ
∂x
fn + Uµ
∂
∂x
fn
or as the linear nonhomogeneous equation
∂zµ
∂t2(n+1)
= f(tn, x)
∂zµ
∂x
+
∂
∂x
f(tn, x), z
µ = lnUµ, f = Cn2 ,
∂zµ
∂x
=
1
Uµ
∂Uµ
∂x
, (not sum).
The first example of the infinite dimensional hydrodynamic chains is based on the invariant
chiral currents C2n = (C2)
n, n = 1, 2, ...,∞ of the string model with the SU(2), SO(3),
SP (2) constant torsions. The PB of the different degrees of the invariant chiral currents
Cn2 (x), C
m
2 (x) has form:
{Cm2 (x), Cn2 (y)} =
2nm(2m− 1)
n+m− 1 C
n+m−1
2 (x)
∂δ(x− y)
∂x
− 2nm(2n− 1)
n+m− 1 C
n+m−1
2 (y)
∂δ(y − x)
∂y
.
The equation of motion for invariant current Cm2 with Hamiltonian
H2n =
1
2n
2pi∫
0
C2n(y)dy
is
∂Cm2
∂t2n
=
m(2n− 1)
m+ n− 1
∂Cm+n−12
∂x
.
After the redefinition Cn2 = C2n = Cp we can obtain the standard form of the hydrodynamic
chain (52).
{Cp(x), Cq(y)} = pq(p− 1)
p+ q − 2Cp+q−2(x)
∂δ(x − y)
∂x
− pq(q − 1)
p + q − 2Cp+q−2(y)
∂δ(y − x)
∂y
.
The second example of the infinite dimensional chain is based on the invariant chiral
currents of the σ − model with the SU(∞), SO(∞), SP (∞) constant torsions. If the
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dimension of the matrix representation n is not ended (n → ∞) all the chiral currents are
the primitive ones. The PB in Liouville coordinates Cm(x), m = 2, 3, ...,∞ has the form
(53): (54):
{Cm(x)Cn(y)} = −Wmn(C(y)) ∂
∂y
δ(y − x) +Wnm(C(x)) ∂
∂x
δ(x− y),
Wmn(C(x)) =
mn(n− 1)
m+ n− 2Cm+n−2(x).
This PB satisfies to the skew-symmetric condition {Cm(x), Cn(y)} = −{Cn(y), Cm(x)}. The
Jacobi identity imposes conditions on the Hamiltonian function Wmn(C(x)) [31], [32], [56]
(look (53):
(Wkp +Wpk)
∂Wmn
∂Ck
= (Wkm +Wmk)
∂Wpn
∂Ck
,
dWkp
dx
∂Wnm
∂Ck
=
dWkm
dx
∂Wnp
∂Ck
.
The Jacobi identity satisfies for metric tensor Wmn(C(x)) (54) . The PB (53) forms the
algebra and can be rewritten as the PB of the hydrodynamic type .
{Cm(x), Cn(y)} = mn(n− 1)
m+ n− 2
dCm+n−2(x)
dx
δ(x− y) +mnCm+n−2(x) ∂
∂x
δ(x− y).
The algebra of charges
2pi∫
0
Cn(x)dx is the abelian algebra. Let us choose the Casimir operators
Cn as the Hamiltonians
Hn =
1
n
2pi∫
0
Cn(x)dx, n = 2, 3... .
The equations of motion for the densities of Casimir operators are following
∂Cm(x)
∂tn
=
1
n
2pi∫
0
[−Wmn(C(y)) ∂
∂y
δ(y−x)+WnmC((x)) ∂
∂x
δ(x−y)]dy = m(n− 1)
m+ n− 2
∂
∂x
Cm+n−2.
Thus the invariant chiral currents with the SU(2), SO(3), SP (2) constant torsion and the
invariant chiral currents with the SU(∞), SO(∞), SP (∞) constant torsion form the same
infinite hydrodynamic chain (52), (53), (54). These PBs (53), (54) are a particular case
of the M-brackets (Dorfman [38] and Kupershmidt [39], [40] )for M = 2 and describe the
hydrodynamic chains (see [36], [37] and references therein). We can construct the new
nonlinear equations of motion for the initial chiral currents Uµ using the flat PB2 (24) and
Hamiltonians Hn (58), where Cn(x) defined by the equation (32) for SU(∞) group:
∂Uµ(x)
∂tn
=
1
n
2pi∫
0
dy{Uµ(x), Cn(U(y))}2,
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∂Uµ(x)
∂tn
=
∂
∂x
[dk1ν1ν2d
k2
k1ν3
...dkn−3νn−1µU
ν1(x)...Uνn−1(x)].
As an example we consider n = 3:
∂Uµ
∂t3
=
∂
∂x
(dµνλU
νUλ), µ = 1, 2, ...∞.
It is easy to see that this dynamical system is bi-Hamiltonian:
∂Uµ(x)
∂t3
=
1
3
2pi∫
0
dy{Uµ(x), C3(U(y))}2 = 1
2
2pi∫
0
dy{Uµ(x), C2(U(y))}3.
Here PB3 has form:
{Uµ(x), Uν(y)}3 = 2dµνλUλ(x) ∂
∂x
δ(x− y).
Let us remind that dµνλ are the symmetric structure constant of the SU(∞) algebra in a
matrix representation. This PB satisfies to Jacobi identity for (n→∞)
dσµνdσλρ + dσµλdσνρ + dσµρdσνλ =
1
n
(δµνδλρ + δµλδνρ + δνρδνλ).
By the similar manner we can obtain the equation of motion for the chiral currents of
SO(∞), SP (∞):
∂Uµ(x)
∂tn
=
∂
∂x
[vk1ν1ν2ν3...v
k2n−3
ν2n−2ν2n−1µ
Uν1 ...Uν2n−1 ].
As an example we consider n = 4:
∂Uµ
∂t4
=
∂
∂x
(vµνλρU
νUλUρ), µ = 1, 2, ...∞.
As final remark of this Section, we stress that the Casimir C2 depend on physical coordinates,
having all the constraints conveniently solved.
VI. CONCLUDING REMARKS
We considered WZNW and string models as auxiliary problems to obtain integrable
equations of hydrodynamic type. We show that WZNW model coincided to string mode for
the transverse coordinateso of string and that these models are integrable if the torsions are
constant and they are the structure constants of SU(2), SO(3), SP (2) algebras. Also new
integrable hydrodynamic chains for SU(∞), SO(∞), SP (∞) are obtained.
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